The core concept of Calculus is motivated by the dynamic examples of astronomy dealing with instantaneous velocities of planets. The first attempt at formalisation of these ideas was made during the periods of Bhāskarācārya and Mādhava and, Isaac Newton and G F Leibniz developing the entire Calculus, and later Cauchy laying the foundation for modern Calculus based on the rigorous treatment of the concept of limit.
INTRODUCTION
Though the concept of infinitesimals is a development of mathematics of relatively recent times (17th century) it has its roots in the ancient world of mathematics in the form of intuitive ideas prevalent in Greek, Arabic, Chinese and Indian civilizations among others.
However, these concepts were of primitive nature based on geometric ideas such as:
1. The tangent as a secant in its limiting position leading to the idea of slope as derivative.
2. The circumference as the limit of the perimeter of inscribed regular polygon of large number of sides leading to the idea of π as a limit of a sequence.
century ce) and, Sir Isaac Newton and G F Leibniz (17th century ce), the founders of Calculus, and much later, D'Alembert and Cauchy, who laid the theoretical foundation for modern Calculus without involving infinitesimals. The earlier conceptual difficulties of Calculus were due to the controvertial indeterminate form 0 0 , which arises, for example, from the intuitive concept of infinitesimals as explained below.
NEWTON'S NOTIONS OF INFINITESIMALS
Newton calls the variables x and y f luents and considers them as moving points on a curve,ẋ anḋ y being rates of motion called fluxions (instantaneous velocities). He calls the productsẋo anḋ yo the moments of f luxions (which are instantaneous displacements or increments) where o is infinitesimally small. 2 The limit of the ratiȯ yȯ xo of ultimate quantities is what he calls as ultimate ratio (the so called dy dx ). Since the ratio of fluxions is same as that of moments of fluxions, in later years there was confusion between these two terms, and the term f luxion itself was indiscriminately used to denote the increments Hayes 
Different views of infinitesimals
This section compares algorithms of Newton, Leibniz, Euler and Cauchy. dx. This is a useful tool where dx (̸ = 0) is finite though sufficiently small.
Euler's Differentials:
The differential dx can diminish indefinitely till it equals 6 0.
can be expressed in the form 4 Quantities and the ratio of the quantities which in any finite time converge continually to equality and before the end of the time approach nearer the one to the other than by any given difference, become ultimately equal at o = 0 Smith, History of Mathematics.
5 The Calculus Gallery, Masterpieces from Newton to LebsegueDunham, The Calculus Gallery, Masterpieces from Newton to Lebsegue, p. 24. 6 Calculus GalleryDunham, The Calculus Gallery, Masterpieces from Newton to Lebsegue, p. 53 .
In short we can as well define
In the above comparisons the infinitesimal nature of small quantities are virtually treated as irrelevant, they being either 0 or not 0, as the case may be.
BHĀSKARĀCĀRYA'S NOTIONS OF

KHAGUN ̣A (MULTIPLE OF ZERO)
It had been the practice to write traditional mathematical works (in Sanskrit) invariably in poetic form. But a poetic form by its very nature could not admit the mathematical symbolism and therefore the author had to resort to algorithmic style. Though Bhāskarācārya has himself written a commentary on the astronomical part of his monumental work Siddhāntaśiroman ̣i, in the case of Līlāvatī and Bī-jagan ̣ita, being basic mathematics necessary for his work, the demonstrations of proof and the details of workings were left to the wisdom of eminent commentators (such as Gan ̣eśadaivajña and Kr ̣s ̣n ̣adaiva-jña), teachers and gifted students, lest it be too voluminous. 7 By the same logic, if the multiplicand (gun ̣ya) becomes smaller and smaller so does the product (gun ̣anaphala) which ultimately becomes the smallest (i.e., zero) as the multiplicand becomes the smallest.
Ideas of infinitesimals
Similarly this logic is applicable to the multiplier. Thus x0 is treated as an infinitesimal, ever decreasing quantity, attaining the value zero. Therefore it is natural to define x0 as zero. In modern notation:
The idea of limit is conveyed by Buddhivilāsinī 9 as follows:
Thus by doubling the number of sides of a regular polygon, [inscribed in a circle], is to be carried out till its side is close enough to the arc containing it.
In modern ϵ, δ notation it implies: choose the number of sides so large as to make the side δ very small so that the chord-arc difference ϵ is small enough. Bhāskarācārya has not defined the derivative in general but incorporates the idea of derivative in the concept of instantaneous velocity, in his Siddhāntaśiroman ̣iSastry, Siddhāntaśiroman ̣i of Bhāskarācārya with Vāsanābhās ̣ya as we shall see later. Bhāskarācārya says: 10
The larger the radius and the more the number of parts into which an arc is divided (and hence the smaller the parts), the better shall be the accuracy of the rsine of the arc.
The concept of infinitesimals is implied here. The manipulations of multiples of zero and zero-divisors (zero as divisors) are based on two rules: Normally x0, a multiple of 0, equals 0. As no further calculations are there, by Rule 3, o = 0. Hence 3x 2 = 12, giving x = ± 2.
Bhāskarācārya says that Mathematics of zero manipulations are very useful in Astronomy. We shall consider this now.
Comparing the algorithms of Newton and Bhāskarācārya
Newton's method Bhāskarācārya's method
Newton's calculation of derivative 
He, however, finds that there are still some infinitesimals involved in f ′ (x, o), which cannot be ignored,** errors being unacceptable in mathematics.
Having done the pending operations, if x0 has further operation of division* by zero then 
This is same as defining
x . This is same as defining
*The two 0s in x0 0 are treated as same infinitesimals, whereas x0 and 0 are different infinitesimals. ** It is useful to consider infinitely small quantities such that when their ratio is sought they may not be considered zero, but which are rejected 11 as often as they occur with the quantities incomparably greaterCajori, A
History of Mathematics.
Rule ( 
GEOMETRIC TREATMENT OF INFINITESIMALS
Newton's method
We illustrate Newton ′ s geometric method of finding the derivative 12 in which he considers the tangent as a rotating secant KEW in its limiting position KTS. Newton was of the opinion that the fluxions of geometric entities such as lines, areas, angles, etc., can be obtained and it is not necessary to introduce them into geometry 13 . But he rightly thought it necessary to demonstrate their role, while considering the tangent as a limit of a secant, as shown below. In Fig. 1 , consider a point K on the circle, and a secant KEW. Here OKS is the tangent at K, and let the angles. ̸ KOB = ̸ T KF = θ. The secant KEW is rotated about K till, the two points K and E, ultimately coincide and KEW becomes the tangent KTS, so that in the process the chord KE coincides with the arc KE. In this ultimate position δα is 0 and α = θ. Newton states that arc KE is the fluxion (increment) of arc HK, BC the fluxion of OB, and FE that of CF. These fluxions are in fact the infinitesimals of geometric entities.
In modern notation fluxion stands for δ so that fluxion of α = δα, fluxion of x = δx and fluxion of y = δy. As the secant KEW approaches the tangent KTS the line TEF approches the point K and ultimately coincides with it. Also δα approaches zero, and α becomes equal to θ.
Therefore the two dissimilar triangles KEF and KTF are almost similar to the finite △OKB, for small δα. So we have
Thus in the limiting case, the slope of the secant = the slope of the tangent. That is,
This is similar to the following geometric treatment of instantneous quanties by Bhāskara.
Bhāskarācārya's method
Bhāskara considers tātkālikagati or sūks ̣magati which means instantaneous motion or displacement BD in a given small interval of time, such as daily motion of slow moving planets, or even smaller interval of time (see Fig.2 
),
The term tātkālikabhogyakhan ̣d ̣am or tātkā-likadorjyayorantaram which stands for the resulting instantaneous rsine-difference TD (See Fig. 4 ) between two successive rsines is given by
where δ(r sin θ) = r sin (θ + δθ) − r sin θ.
These are used to find the instantaneous position of planetsJoseph, The Crest of the Peacock. Bhāskarācārya proves the relation (1) in two parts.
Part (i)
First he considers sine differences for various arc lengths at constant intervals of 225 ′ as given in the rsine-table he had prepared, and proves geometrically that
The prime ′ on δ indicates constant intervals of 225 ′ .
Part (ii)
Next he considers sine differences for a given arc length at variable intervals of rδθ. Using the interpolation formula he proves first for small daily motion of anomaly (kendragati), and later for a small displacement 15 ′ (the radius (bimbārdha) of the Sun), the formula δ(r sin θ) = (r cos θ) rδθ r .
ता ा लकभो ख करणायानु पातः।
tātkālikabhogyakhan ̣d ̣akaran ̣āyānu-pātah ̣.
Use of Proportions to obtain the instantaneous sine difference.
In Figure 2 and 3, r = 3438
Bhāskara's proof of Part (i)
The proof of (2) The arc-distance, rδθ, between the positions of (centre of) the planet, say, at Sun rise of today and tomorrow, is the daily motion (displacement) of planet.
In the previous paragraph Bhāskarācārya says: To get this instantaneous rsinedifference, here is the method of direct proportions. Now let's consider the similar triangles BDT and BOP (see Figs 3 and 4) . With respect to these similar triangles Bhāskara lays down the rule of proportion as follows: 
Bhāskara's proof of Part (ii)
The proof of the result given by (3) commences with the following argument. By this rsine-difference be multiplied the daily motion 16 and divided by 225 ′ . When we cancel 225 ′ from the numerator and the denominator what we obtain is the product r cos θ BC divided by r.
The result would be the difference in the daily motion. This is just interpolation which follows from the Rule of Three or from the almost similar triangles BDT and BCSSharma, Siddhāntaśiroman ̣i of Bhāskarācārya similar to the finite triangle POB, see Fig. 4 .
The infinitesimal triangles BDT and BCS are (almost) ∼ to the finite △ BOP, for small δθ and for all θ including the initial value θ = 0, Fig. 2 .
It may be noted that
Also,
Morevoer,
S T Bhāskarācārya applies the above method to find rsine-difference for the radius of Sun's disk, as explained in Siddhāntaśiroman ̣iSastry, Siddhāntaśiro-man ̣i of Bhāskarācārya with Vāsanābhās ̣ya given below: Here Bhāskarācārya uses the rationale exactly as given above.
The only difference here is that rδθ stands for the arc-difference 15 ′ , corresponding to half the width of Sun's disk, giving the r sine-difference relation: δ(r sin θ) = r cos(θ)( rδθ r ).
Trigonometric method
Bhāskarācārya gives a hint as to how the above results may be obtained using the expansion 17 of r sin(x + 1) • . The relation given by Bhāskara is:
The rationale behind the above expression can be understand as follows. The sine addition formule was well known. Hence,
Here,
≈ r and r sin (1
For arbitrarily small interval rδx, by rule of three δ(r sin(x)) = r cos(x) rδx r .
Infinitesimals and zero-manipulations, involved in the geometric treatment by Bhāskarācārya
In Fig 
CONCLUSION
Though there are strking similarities between the algorithms of Newton and Bhāskarācārya there are differences in perspective. Newton, Leibnz and Euler and Bhāskarācārya treat the infinitesimal nature of small quantities virtually as irrelevant. These quantities are either 0 or not 0, as the case may be. This zero-nonzero dichotomy was there which was implicit in the case of Newton, Leibnz and Euler and was rather explicit in Bhāskarācārya's case.
Unlike Newton Bhāskarācārya does not explicitly state the infinitesimal nature of multiples of zero. The idea of infinitesimals is implied in his treatment of multiples of zero and zero divisors. This was restrcted to the rsine and rcosine functions, and he found it handy to use the Rule of Three and the proportional properties of similar right triangles.
He uses geometric method ingeniously thereby avoiding the indeterminate form 0 0 and replaces Rule of Proporions by the Rule of Three by identifying the almost proportional quantities involved, in a way difficult to imagine. In this geometric process are involved dissimilar right angled triangles tending to similarity to a finite triangle, as they converge to a point. This avoids direct encounter with the indeterminate form 0 0 and gives us an impression that we are dealing with finite quantities. Newton also says in his geometric treatment of slope of a tangent as the derivative, infinitesimals are not necessary as they can be denoted by finite lengths.
Bhāskarācārya's use of the concept of infinitesimals was restricted to applications in planetary calculations unlike that of Newton field of application was wide and varied. In Bhāskarācārya's times due to lack of proper notations and motivation there was no development of Calculus, as such, though clearly, there was development of Calculus by Mādhava and Nīlakan ̣t ̣haDunham, The Calculus Gallery, Masterpieces from Newton to Lebsegue of Kerala School of Mathematics and others, during 15th and 16th centuries leading to the expansion of sine and inverse tangent functions etc.
These developments by Mādhava were again a continuation of geometric treatment of infinitesimals, whereas Newton used the method of term by term differenciation of infinite series unmindful of the convergence problem involved in it. Considering these facts Bhāskarācārya's bold attempt to give an algorithm to deal with infinitesimals and use these ideas in astronomy is commendable. Highlighting these facts is appropriate in his 900th birth year which is being presently celebrated.
APPENDIX
Buddhivilāsinī 18 makes this more clear, as given below. Further operations pending multiple of zero be given a second thought. That is, if a number is multiplied by zero and there are further operations remaining then the multiple of zero is not to be construed as zero, but 0 is to be kept by the side of the number (as a mere symbol) 
